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Figure 9.12.3: The Zenith Triangle

The three sides of the Zenith triangle are known - the sides Z1 to GP1
and Z1 to GP2 are the zenith distances (co-altitudes) of the objects from
Z1, and z12 is known from the Polar triangle above. Then from equation
(9.12.1),

B = cos−1[ sin(h2)− sin(h1) cos(z12)
cos(h1) sin(z12)

]

By symmetry, the Zenith triangle constructed using Z2 also has angle B
at GP1. Hence, in Figure 9.12.1, the parallatic angles are

X1 = A−B

X2 = A+B

Having determinedX1 andX2, it is straightforward to use equation (9.3.2)
with PZ1X and PZ2X to obtain the latitudes Lat1 and Lat2 of Z1 and
Z2. Then the angle at P in each navigational triangle can be calculated
to derive Lon1 and Lon2 for Z1 and Z2 in the usual way (9.4).

9.13 Watkins & Janiczek’s Method

Suppose n sights have been taken from the same position

(GHAi, Deci,Hi) i = 1, . . . , n

Each sight (GHAi, Deci,Hi) corresponds to a circle of equal altitude (4.6)
which is defined by the intersection of a plane with the Earth’s surface
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(5.14). The equation of each plane can be written in rectangular coordi-
nates as

ai1x+ ai2y + ai3z = bi (9.13.1)

where

ai1 = cos(Deci) cos(θi)
ai2 = cos(Deci) sin(θi)
ai3 = sin(Deci)
bi = sin(Hi)

and θi = −GHAi if GHAi < 180◦, otherwise θi = 360◦ − GHAi. These
are the same equations used for the planes in Van Allen’s method (9.11).
In matrix notation, we can write the equations (9.13.1) as

a11 a12 a13
a21 a22 a23
. . .
an1 an2 an3


xy
z

 =

b1b2
b3


or Ax = b. For n > 3 this is an over-determined linear system of equa-
tions. The least squares solution min

x
∥Ax− b∥ can be obtained using the

normal equations

x = (ATA)−1ATb (9.13.2)

If the n sights are independent, ATA is an invertible 3x3 matrix and
equation (9.13.2) can be solved by row reduction (Program 12.3 CNWJ),
or other numerical methods.
The resulting solution (x, y, z) can be converted to spherical coordinates
(equation 1.1.2):

Lat = sin−1(z/r)
Lon = atan2(y, x)

where r =
√
x2 + y2 + z2.

[Note that Watkins and Janiczek’s original paper (Watkins & Janiczek
[1978-79]) erroneously uses arctan instead of atan2, which gives an in-
correct longitude if |Lon| > 90.]


