72 CHAPTER 5. CELESTIAL NAVIGATION - METHODS

5.15 Multiple Sights

The LOPs for two sights will, if plotted or calculated, intersect at a unique
point, which is the fiz for the observations. When observational errors
are thought likely, navigators will take three or more sights in order to
minimise the error in the resulting position, often as standard practice.
While it is possible that three or more LOPs will intersect at a single
point, it is highly unlikely. n» LOPs, when plotted, will generally produce
an enclosed n-gon, within which it is assumed that the observer’s position
lies. For example, three LOPs will produce a triangle, often called a cocked
hat (Figure 5.15.1).
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Figure 5.15.1: 3 LOPs

Experienced navigators will choose a suitable fix “by eye” from a plot,
probably resulting in a point close to the centroid of the polygon.

More formally, the centroid of the polygon can be calculated by solving
for pairwise intersecting circles (5.14) to give multiple locations

(Lat;, Lon;), i =1,...,n

Then the centroid of the n points is given by

Y. Lat; XLon;
n ' n

(Lat, Lon) = ( ) (5.15.1)

Example: June 1st 2024, 21:00 UT. Sight 1: Capella, GHA = 126° 13.1,
Dec = 46° 1.3/, H = 18° 41.5'; Sight 2: Denebola, GHA = 28° 15.3’,
Dec = 14° 26.2', H = 49° 45.2' Sight 3: Spica, GHA = 4° 12.¢,
Dec = —11° 17.4', H = 28° 44.4'. Each height H includes a systematic
measurement error of +2.0’. Solving intersecting circles pairwise using
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Van Allen’s method gives

Capella-Denebola = (50° 00.0', —5° 05.1")
Capella-Spica = (49° 57.9’, —5° 09.2)
Denebola-Spica = (49° 58.0", —5° 00.8")

with centroid 49° 58.6' N, 5° 05.0' W. Compare this with the actual
position 50° 00.0’ N, 5° 00.0’ W - an error of 3.5NM.

Example (continued): If a fourth sight is included (with the same
systematic error in height measurement): Vega, GHA = 286° 23.1,
Dec = 38° 48.2', H = 35° 24.5', the resulting centroid is 49° 58.6 N,
5° 00.4 W - an improved error of 1.4NM.

Four or more LOPs can be described by an over-determined linear system
of equations which can be solved by the least squares method. This is
most easily carried out in matrix form (Watkins & Janiczek [1978-
79]) - see section 9.13 and Program 12.3 CNWJ). The resulting fix is
the point having the least distance from each individual LOP.

Computer modelling suggests that, for systematic errors, such as mis-
calculation of dip, or sextant index error, the least squares solution is
generally more accurate than the centroid fix, whereas for random errors,
the centroid fix is more accurate than least squares.

It should be noted that for three (independent) sights, the matrix method
described in section 9.13 gives an exact position corresponding to the in-
tersection of the three associated planes. Depending on the configuration
of the planes, the error in the resulting position may be large. Extra
sights should be taken to improve the error by least squares reduction.

Example (continued): For the three sights Capella, Denebola, Spica,
with a 2.0’ systematic error (above), the solution of the linear equations
(using 9.13) gives position 51° 59.2' N, 3° 00.6' E - an error of 326NMm.
Including the sight for Vega gives position 50° 00.5' N, 5° 0.4 W - an
error of just 0.6NM.
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When the observer does not have equal confidence in all the sights, it is
possible to assign weights to the observations and calculate a weighted fix
(DeWit [1974-75]). DeWit’s method (9.14 and Program 12.3 CNDE-
WIT), is based on intercepts (5.12) and hence requires a DR position to
start. A weight is assigned to each sight based on the standard deviation
o of the estimated error, and a weighted least squares estimate is calcu-
lated. Greater confidence corresponds to a smaller o. If the weights are
all equal (say o; = 1), the result is a standard least squares solution.

Although DeWit’s proof requires that the errors in the sights are mutu-
ally uncorrelated, computer modelling suggests that the method is more
accurate and stable than other methods for both random and systematic
errors.

Example (continued): For the three sights Capella, Denebola, Spica,
above, DeWit’s method with equal weights (6; = 1) and a DR position
of 49° 55’ N, 4° 41’ W gives position 49° 59.1’ N, 5° 05.1’ W - an error of
3.4NM. These are not particularly good sights - the azimuths 321°, 217°,
and 179° are poorly spaced.

Including the sight for Vega gives position 49° 59.5’ N, 5° 00.4' W - an
error of 0.6NM. The azimuth for Vega is 70° which gives a much more
satisfactory fix.

This example reinforces the point that, for all the multiple sight methods,
greater accuracy is achieved with more sights, and well spaced azimuths.

DeWit’s method (with equal weights) can be regarded as a generalised
form of Saint-Hilaire’s (5.12) and is the one recommended in the Nautical
Almanac (Nautical Almanac p. 282). It can be used with any number
of sights from 2 upwards.

Running Fix

Multiple sights will often involve running fixes. For centroid calculations,
and the matrix least squares method, the techniques of section 5.14 can
be used (adjusting heights or moving GPs).

DeWit’s method, on the other hand, being based on intercepts, makes
running fixes particularly easy (cf (5.12)). The azimuth and intercept
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are calculated for each sight at the corresponding intermediate DR, then
the least squares approximation of all the sights is applied at the final DR
position - see (9.14) and Program 12.3 CNDEWIT).

Example: Continuing the second example in section 5.14, DeWit’s
method gives position 49° 11.6' N, 5° 14.7 W.

Example: 8th May 2024. DR 50° 07’ N, 4° 21’ W. Sights of four stars
are taken at the UT times shown. The observer’s course is 220° at 6
knots. The measured altitudes are subject to random errors in the range
+2.5'. DeWit’s method with equal weights (o; = 1) gives a calcuated final
position 49° 55.9' N, 4° 32.5" W. Compare this with the actual position
49° 55.9' N, 4° 35.2' W - an error of 1.7NM.

UT DMG | Star GHA Dec H

20:30 | 0.0NM | Arcturus | 320° 27.5" | 19° 03.3" | 43° 23.9
20:51 | 2.1NM | Capella | 100° 18.4" | 46° 01.4" | 30° 22.2/
21:15 | 2.4NM | Procyon | 70° 47.8" | 5°09.7 | 19° 05.5'
21:23 | 0.8NM | Vega 268° 29.9’ | 38° 48.1" | 25° 16.5'

NGRS

Table 5.15.1: DeWit’s Method - Example

Example (continued): Sights 2 and 4 have larger random errors than
sights 1 and 3. If we assign standard deviations o1 = 0.5,09 = 1,03 =
0.5,04 = 1, the resulting calculated position is 49° 55.7" N, 4° 33.3' W,
an error of 1.2NM.

The method can be iterated if the distance between the final DR position
and the calculated position seems large (say > 20NM). An example is
given in the Nautical Almanac (p.283).



